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Geometries Related to PSL(2, 19) 
PATRICIA VANDEN CRUYCE 
We construct and investigate geometries related to the simple group PSL(2, 19): they all arise 
from the Perkel graph whose vertices are the 57 subgroups of one of the two conjugacy classes 
of subgroups As in PSL(2, 19), two vertices being adjacent whenever the intersection of the 
corresponding subgroups contains a group of order 5. We get in particular another view on two 
rank 4 thin geometries obtained recently by H. M. S. Coxeter and A. I. Weiss. 
1. INTRODUCTION 
Given a representation of a finite abstract group G as a primitive permutation group 
acting on a set n, it is well-known [8] that there exists a maximal subgroup M of G such 
that the elements of n may be identified with the left cosets {gMlg E G} of M, G acting 
on them by left multiplication. Such a representation of G is denoted by G / M. Moreover, 
if G is simple, the elements of n may be identified with the subgroups of G conjugate 
to M, G acting on them by conjugation (indeed, if G is simple, any subgroup M' conjugate 
to M fixes a unique element p of nand M' = Gp ) . Conversely any conjugacy class of 
maximal subgroups of G determines a primitive permutation representation. 
From now on p will denote the unique element fixed by M in n = G/ M. If (J '" {p} is 
an orbit of M, then the graph defined with respect to the suborbit is the graph whose 
vertex set is n and whose edge set is the set of ordered pairs {(pg, x g), g E G}, for some 
given x E (J. Such a graph is undirected iff there exists g E G with pg E (J and g2 E M [6]. 
If, we perform this construction for each orbit'" {p}, we get all the graphs whose full 
automorphism group is primitive, isomorphic to G and edge-transitive. 
2. THE GROUP PSL{2,19) 
Let G = PSL{2, 19) be the simple group of all unimodular projectivities of the projective 
line PG(1, 19). The character table of G is given in Table 1. R;{n) denotes the ith 
TABLE 1 
Character table of G 
Ixl: 1 19 19 3 9 9 9 2 5 5 10 10 
lC(x)l: 3420 19 19 9 9 9 9 20 10 10 10 10 
R1(i) 1 1 1 
R2(19) 0 0 1 -I -I -1 -1 -1 
R3(20) -1 a b c 0 0 0 0 0 
~(20) -1 b c a 0 0 0 0 0 
Rs(20) 2 -1 -1 -1 0 0 0 0 0 
R.s(20) 1 -1 c a b 0 0 0 0 0 
R7(i8) -1 -1 0 0 0 0 2 d if -if -d 
Rs(i8) -1 -I 0 0 0 0 -2 if d d if 
~(18) -1 - I 0 0 0 0 2 if d -d -if 
RlO(18) -1 -1 0 0 0 0 -2 d if if d 
Rll (9) f 1 0 0 0 0 -I -1 
RI2(9) 1 f 0 0 0 0 - 1 -1 
a = 2 COS(21T / 9), b = 2 COS(41T/ 9), c = 2 COS(81T / 9) , d = (i - 51/ 2)/ 2.1 = (-1 -191/ 2 )/ 2. 
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irreducible representation of G [n is the dimension of R;(n)]. The first row of the table 
gives the conjugacy classes of G, represented by the order of one of their elements. The 
row corresponding to R;(n) gives the values of X;(gj) (i,j = 1,2, ... ,12) where x; is the 
permutation character of R; and gj is any element of the jth conjugacy class of G (see 
for instance [4]). G has 5 conjugacy classes of maximal subgroups: a class of Frobenius 
groups of order 19.9, two classes of alternating groups As (denoted respectively by A~1) 
and A~2») and two classes of dihedral groups of degree 20 and 18 respectively. 
By use of Table 1, it is straightforward to compute, by classical techniques, the 
permutation characters on the cosets of each maximal subgroup M of G [these characters 
can be expressed as linear combinations with non-negative integer coefficients of the 
irreducible characters x; of R;(n)]-see Table 2. We can also determine, from Table 1, 
the orbit lengths of each maximal subgroup of G on Gj M-see Table 3. The notations 
used in this table can be easily understood through the following example: the maximal 
subgroup D20 has 6 orbits on the 57 vertices of the graph Gj M, where M belongs to 
A~I), one orbit of 2 (resp. 5, 20) vertices and 3 orbits of 10 vertices. Transitive actions 
are denoted by the letter t. 
TABLE 2 
Permutation characters on the cosets of the maximal subgroups of 0 
Maximal subgroup Index Permutation character 
20 XI + X2 
57 XI + Xs+ X7+ X9 
57 XI + Xs+ X7+ X9 
171 XI+Xl+X4+XS+X6+2X7+2X9+Xl1+X12 
190 XI + X2+ Xl + X4+ Xs+ X6+ 2X7+ 2X9+ Xl1 + XI2 
TABLE 3 
Orbit lengths of the maximal subgroups of 0 on 01 M 
0119·9 OIA~1) 0IA~2) 0lD2o 0lDI8 
19·9 1,19 t t t 19,171 
A ( l) 
5 1,6,20,30 5,10,12,30 6,15, 30l , 60 10,304,60 A(2) 
5 5,10,12,30 1,6,20,30 6,15, 30l , 60 10,304 ,60 
D20 t 2,5,10l ,20 2,5, 10l, 20 1,52, 108,204 1011 ,204 
DI8 2,18 3,94,18 3,94 , 18 911 , 184 1,99, 186 
3. THE PERKEL GRAPH 
From now on, we shall restrict the discussion to the representation Gj M where M 
belongs to A~l), and, for the sake of simplicity, we shall denote it, as in Table 3, by Gj A~I) 
[since PGL(2, 19) interchanges the two conjugacy classes A~1) and A~2), the permutation 
representations Gj A~l) and GI A~2) are isomorphic]. 
The graph r of degree 6 associated with Gj A~l) has been described by Perkel [5] as 
follows: the vertices of r are the 57 subgroups in A~l), two vertices x and y being adjacent 
iff the intersection of the subgroups x and y contains a group of order 5. The graph r 
is distance-transitive with intersection array (6, 5, 2; 1,1,3). Note that the graph F' (resp. 
F") of degree 30 (resp. 20) associated with Gj A~1) is easily deduced from r: the vertices 
of F' (resp. r") are the vertices of r, two vertices x and y being adjacent in F' (resp. 
r") iff their distance d(x, y) = 2 (resp. 3) in r. Figure 1 gives the parameters of r, F' and 
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FIGURE 1. 
T" (r~ (resp. r~ i, r; i) denotes the set of vertices at distance i from the vertex p in r 
(resp. r, r")). 
4. A FEW BASIC RESULTS 
For any vertex p of r and any element g of 0l" remember that the value of the 
permutation character of 0/ A~l) on g is equal to the number of vertices of r fixed by 
g. Any element g of order 2 (resp. 3, 5) of Op fixes 5 (resp. 3, 2) vertices of r; more 
precisely, g fixes p, 2 vertices of r~ and 2 vertices of r; (resp. p and 2 vertices of r!, p 
and one vertex of r~). 
An induced subgraph S of a graph r is called convex if, for any two vertices x and y 
of S, every path of minimal length joining x to y is contained in S. A convex subgraph 
is called proper if it is not the empty graph, a vertex, an edge or the whole graph. 
LEMMA 1. Any proper convex subgraph of the Perkel graph r is an n-claw (n = 
2,3,4,5,6), a 5-cycle (pentagon) or a Petersen graph. Moreover, any subgraph of r 
isomorphic to one of these graphs is necessarily convex. 
The proof is straightforward and will not be given here. 
The subgraphs of r isomorphic to the Petersen graph will be called P-graphs. Every 
2-claw of r is contained in exactly two P-graphs (which intersect in a pentagon). Thus 
each vertex of r is contained in exactly 10 P-graphs and r cQntains 57 P-graphs. 
The stabilizer O(P) of any P-graph in 0 is an alternating group As in the class A~2). 
Indeed, 0 acts transitively on the set of P-graphs and the pointwise stabilizer of a P-graph 
is reduced to the identity (because in any subgroup of 0 isomorphic to As, the identity 
is the only element fixing more than 5 vertices of n. Thus 10(p)1 = 101/57 = 60. Since 
O(P) is included in some maximal subgroup of 0, O(P) ~As and O(P) is necessarily 
in A~2) because it has an orbit of length 10 on r, namely the 10 vertices of the P-graph. 
We conclude that the 57 P-graphs of r are the orbits of length 10 of the 57 subgroups 
in A~2). . 
The following result gives some information on the orbits of the subgroups in A~2) on 
the graphs r, rand r". 
LEMMA 2. Let A be a subgroup in A~2). If n = 5, 10, 12 or 30 and if Vn (resp. V~, V~) 
denotes the orbit of length n of A on r (resp. r, r"), then 
(a) Vs, V~ are isomorphic to Ks and V~ is isomorphic to Ks. 
(b) VIO is a P-graph, V;o is the complement of this P-graph and Vro is isomorphic to K IO• 
(c) V12 is the regular graph of degree 1, V;2 and Vr2 are isomorphic to the icosahedron 
(i. e. the graph of vertices and edges of an icosahedron). 
(d) V30 is the disjoint union of 6 pentagons, V~o and V~o are non-regular graphs. 
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5. SOME GEOMETRIES RELATED TO r 
5.1. Basic definitions 
We shall use the terminology of Buekenhout [1]: 
A geometry T = (S, I, t) over .:1 = {O, 1,2, ... , n -l} can be represented by a diagram 
with n nodes, labelled from 0 to n - 1. 
For every i E.:1, we denote by Vj the number of elements of T of type i and by Sj + 1 
the number of elements of the residue Tp where F is any flag of type (.:1- {i}) (the 
parameters Vj and Sj are written under the node of label i). 
For every i, j ~ .:1, the restriction of the diagram to the nodes labelled i and j represents 
the structure of the rank 2 geometry TF where F is any flag of type (.:1 - {i, j}). 
In a rank 2 geometry T, the elements of type 0 (resp. 1) are called points (resp. lines) 
of T. The Levi graph of T is the graph whose vertices are the elements of T, two vertices 
being adjacent iff they are incident in T. 
The gonality g of T is half the girth of the Levi graph of T. 
The diameter of a point p (resp. of a line 1) of T is equal to maxxEs{d(p, x)} (resp. 
maxxEs{d(l, x)}). 
We shall say that T is a (g, dpo 4,)-gon [2] iff 
(a) every element of T is incident with at least two other elements. 
(b) all points (resp. lines) of T have the same diameter dp (resp. d,) 
(c) dp :%g+2 or d,:%g+2. 
If g = dp = d" then T is a generalized g-gon and will be represented by the diagram in 
Figure 2. 
9 
o 0 
FIGURE 2. 
A rank 2 geometry T is a quasi-linear space iff, for any two points x and y of T, there 
is at most one line incident with both x and y. Thu~, a (g, dp, d,)-gon is a quasi-linear 
space iff either g> 2 or g = dp = d, = 2 (in which case the Levi graph of T is a complete 
bipartite graph). 
Two distinct points x and y of a quasi-linear space are collinear iff there is a line 
incident with both x and y. 
A quasi-linear space T is called a semi-partial geometry (0, n) iff 
(a) for any line I and any point p not incident with I, the number a(l, p) of points of 
I collinear with p is 0 or n. 
(b) for any two points x and y, the number J.I- (x, y) of points z collinear with both x 
and y is a constant. 
If condition (a) only is satisfied, we will say that the quasi-linear space T is a near 
semi-partial geometry (0, n). 
5.2. Examples 
(1) Let T, be the rank 2 geometry whose points (resp. lines) are the 57 vertices (resp. 
171 edges) of r, a point corresponding to a vertex p and a line corresponding to an edge 
E being incident iff p belongs to E. 
PROPOSITION 1 (Buekenhout [2]). T, is a (5,7, 8)-gon having 57 points (each on 6 
lines) and 171 lines (each on 2 points). Its Levi graph is shown in Figure 3. 
6 
P 
6 
P, 
5 
6 
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FIGURE 3. 
PROOF. The definition of TI gives immediately vo=57, v1 =171, so=1 and s,=5. In 
order to construct the Levi-graph of T" it suffices to know the intersection array of r: 
L, (resp. L2, L3 ) is the set of edges incident with p (resp. a vertex of r!, a vertex of r~) 
and a vertex of r! (resp. r~, r!), L4 (resp. Ls) is the set of edges incident with 2 vertices 
of r~ (resp. r!), PI = r!, P2 = r~ and P3 = r!. 
Since r is vertex-transitive and since each element of Tl is incident with at least two 
other elements, T, is a (g, dp, d/)-gon. In the Levi graph, the minimal length of a cycle 
through p is 10. Since r is vertex-transitive, the girth of the Levi graph is 10, and so 
g = 5. Note also that dp = d(p, l) with IE Ls, so that dp = 7. This implies that d1 = 7 or 8. 
Inspection of the Levi graph shows that, for any IE L s, there are two vertices of L, at 
distance 8 from I, and so d/ = 8. 
(2) Let T2 be the rank 2 geometry whose points (resp. lines) are the 57 vertices (resp. 
the 57 neighbourhoods of vertices) of r, a point corresponding to a vertex p and a line 
corresponding to the neighbourhood r~ of a vertex q being incident iff p belongs to r~. 
PROPOSITION 2. T2 is a (3,5, 5)-gon having 57 points (each on 6 lines) and 57 lines 
(each on 6 points). Moreover T2 is a ne~r semi-partial geometry (0,3). Its Levi graph is 
shown in Figure 4. 
L3 P3 L4 
L, P, 3 
6 5 I 
P 
6 
FIGURE 4. 
PROOF. The Levi graph of T2 is easy to construct and gives immediately g = 3 and 
dp = 5. On the other hand, IL41 = 1 implies d/ = dp = 5. T2 is a quasi-linear space because 
g> 2. Let I be a line of T2 corresponding to the neighbourhood r~ of a vertex q of r 
and let p be a point of T2 not incident with I. Since p e r~, we have either p = q, P E r~ 
or pEr!. Since r contains no 3-cycle and no 4-cycle, the number a (I, p) of points of I 
collinear with p is equal to the number of vertices of r~ at distance 2 from p. Using the 
intersection array of r, we find that 
ifp=q, a(/,p)=O, 
ifpEr~, ci(l,p) =3, 
if pEr!, a(l,p)=3, 
and so T2 is a near semi-partial geometry (0,3). 
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Note that T2 is not a semi-partial geometry: indeed, if the points x and y correspond 
to two adjacent vertices of r, JL(x, y) = 15, whereas if they correspond to two vertices at 
distance 3 in r, JL(x, y) = 18. 
(3) In order to define T3 , note that any element of order 3 in G fixes exactly 3 vertices 
(which are pairwise at distance 3). If p is anyone of them, the sub graph of r induced 
on r; is isomorphic to a dodecahedron and the other two fixed vertices are opposite in 
this dodecahedron, i.e. they are at distance 5 in r;. 
For any given vertex q E r;, there is a unique vertex r opposite to q in r; and there 
are exactly two elements of order 3 in G fixing p, q and r. Let T3 be the rank 2 geometry 
whose points (resp. lines) are the 57 vertices of r (resp. the 190 sets {p, q, r} of vertices 
fixed by an element of order 3 of G), a point being incident with a line iff the corresponding 
vertex belongs to the corresponding set. 
PROPOSITION 3. T3 is a (3,5, 6)-gon having 57 points (each on 10 lines) and 190 lines 
(each on 3 points). Its Levi graph is shown in Figure 5. 
L4 
Ls 
LI PI 
30 
10 I 2 
P 
I L5 
10 
30 
FIGURE 5. 
(4) We have seen that the 57 subgroups in A~2) determine 57 subgraphs Y5 of order 5 
in r (these subgraphs are the orbits of length 5 of the subgroups in A~2»). Let T4 be the 
rank 2 geometry whose points (resp. lines) are the 57 vertices of r (resp. the 57 subgraphs 
Y5 of r), a point being incident with a line iff the corresponding vertex belongs to the 
corresponding subgraph. 
PROPOSITION 4. T4 is a (3,5, 5)-gon having 57 points (each on 5 lines) and 57 lines 
(each on 5 points). Moreover T4 is a near semi-partial geometry (0,2). Its Levi graph is 
shown in Figure 6. 
5 I 4 I 
p 
5 
FIGURE 6. 
It is natural to consider more generally the rank 2 geometries related to the various 
orbits of the subgroups in A~2). In what follows, Yn will always denote the subgraph of 
r induced on an orbit of length n of a subgroup in A~2). 
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(5) Let Ts be a rank 2 geometry whose points (resp. lines) are the 57 vertices of r 
(resp. 57 subgraphs VIO ), a point being incident with a line iff the corresponding vertex 
belongs to the corresponding subgraph. 
PROPOSITION 5. Ts is a (2,4, 4)-gon having 57 points (each on 10 lines) and 57 lines 
(each on 10 points). Its Levi graph is shown in Figure 7. 
10 I 
p 
20 
5 
FIGURE 7. 
Note that Ts is not a quasi-linear space (in other words, it does not satisfy the intersection 
property [1]). 
(6) There is a more interesting geometry T6 , also related to the subgraphs VIO• In order 
to define it, we need more information about the pentagons of r. The intersection array 
of r shows that each 2-claw C of r is contained in exactly 3 pentagons pf, pi and 
pf. We already know that C is contained in two sub graphs VIO (called P-graphs at the 
beginning); these two VIO intersect in a pentagon, say pf. On the other hand, pi and 
pf are contained in a unique VIO• Moreover, the subgroup of G fixing the 2-claw C is 
i$omorphic to Z2 and fixes exactly the 5 vertices incident with pf. This observation leads 
to the following result: 
LEMMA 3. r has exactly two orbits of pentagons, 0, and O2 , with pf EO, and pi, 
pf E O2• Moreover 10,1 = 171 and 1021 =342. 
We can now define a rank 4 geometry T6 as follows: the elements of type 0 (resp. 1, 
2,3) of T6 are the 57 vertices of r (resp. the 171 edges, the 171 pentagons of 0" the 57 
sub graphs VIO ), two elements of T6 being incident iff the corresponding subgraphs of r 
are included in one another. 
PROPOSITION 6. T6 admits the diagram shown in Figure 8. 
5 3 5 
0 0 0 0 
0 2 3 
57 171 171 57 
I 
FIGURE 8. 
PROOF. It suffices to consider the residues (T6 ) F where F is a flag of type {i, j}, i, 
j = 0,1,2,3. If F is a flag of type {O, 1}, consisting of a vertex p incident with an edge E 
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of r, the points (resp. lines) of the residue (T6 ) F are the 5 pentagons of 0 1 (resp. the 
5 Vto ) containing E. Obviously, each such point is incident with 2 lines and each such 
line is incident with 2 points, and so (T6) F is a generalized 5-gon. Similarly, if r is a flag 
of type {O,3} (resp. {2, 3}), the residue (T6)F is a generalized 3-gon (resp. 5-gon). It is 
easy to check that all the other rank 2 residues are generalized 2-gons (i.e. that every 
point is incident with every line). 
This rank 4 thin geometry was also described recently by Coxeter [3]. 
(7) Let T7 be the rank 2 geometry whose points (resp. lines) are the 57 vertices (resp. 
57 subgraphs V12) of r, a point being incident with a line iff the corresponding vertex 
belongs to the corresponding subgraph. 
PROPOSITION 7. T7 is a (2,3, 3)-gon having 57 points (each on 12 lines) and 57 lines 
(each on 12 points). Its Levi graph is shown in Figure 9. 
P3 L4 
2 10 
30 
LI 
L3 
12 1 
p 5 
3 6 
20 10 
FIGURE 9. 
Note that T7 is not a quasi-linear space. 
(8) There is a more interesting geometry related to V\2, but it cannot be constructed 
in the same way as T6 , because the subgraphs V\2 are not connected. Remember that V~2 
(resp. V~2) denotes the sub graphs of F' (resp. r") induced on the set of vertices of the 
sub graphs V12 of r. It turns out that 
LEMMA 4. The subgraphs V;2and V~2 are icosahedra. Moreover, the intersection of 
any two subgraphs V\2 consists either of 2 vertices adjacent in r or of 2 vertices at distance 
2 in r (that is adjacent in F') or of 3 vertices which are pairwise at distance 3 in r (that 
is pairwise adjacent in r"). 
The proof is easy, using the notion of polarity introduced in 5.3. 
If x and y are any two vertices at distance 3 in r, there are exactly 3 vertices z" Z2, 
Z3, each at distance 3 from x and y and pairwise at distance 2 in r. The sets {x, y, Zi} will 
be called triangles. 
LEMMA 5. Two subgraphs V12 having 3 common vertices intersect necessarily in a triangle. 
Moreover, the triangles are exactly the faces of the icosahedra Vf2' 
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Let Ts be the rank 4 geometry whose elements of type 0 (resp. 1,2,3) are the 57 vertices 
of T" (resp. the 570 edges of r", the 570 triangles, the 57 subgraphs VrJ, two elements 
of Ts being incident iff the corresponding subgraphs are included in one another. 
PROPOSITION 8. Ts admits the diagram shown in Figure 10. 
3 5 3 
o----~o~--~o~----o 
o 
57 
I 
570 
2 
570 
FIGURE 10. 
The proof is similar to the proof of Proposition 6. 
3 
57 
This rank 4 geometry is already mentioned in [7]: A. I. Weiss found it by computer 
enumeration of cosets. 
We shall not give any example of geometry related to the V30, because the corresponding 
incidence structures are not very nice: indeed, the subgraphs V30 are not connected and 
moreover, the subgroup of the stabilizer G( V;o) = G( V~o) fixing a vertex p of V30 does 
not act transitively on the 17 (resp. 10) vertices of V;o (resp. V~o) adjacent to p in T' 
(resp. T") nor on the 12 (resp. 19) vertices of V;o (resp. V~o) at distance 2 from p in T' 
(resp. r"). 
5.3. Polarities 
The group PGL(2, 19) may be viewed as the group of all projectivities of PG(2, 19) 
stabilizing a given conic C. 
PGL(2, 19) contains 190 involutions fixing two points of C and 171 involutions fixing 
no point of C [these are precisely the 171 involutions of G = PSL(2, 19)]. Let II be an 
involution of PGL(2, 19) fixing 2 points a and b of C. There is exactly one subgroup 
T == 71..3 in G fixing a and b and exactly one maximal subgroup D == DIs with TeD; D 
stabilizes the pair {a, b} and is the centralizer Ca(II) of II in G. Conjugation by II 
interchanges the two classes A~I) and A~2): this means that, for any vertex p of r, the 
subgroup II-I GpfI belongs to A~2). Therefore, for n = 5, 10, 12 or 30, II induces a polarity 
lIn mapping any vertex p of r onto the unique subgraph Vn such that G( Vn) = II-IGpfI. 
Let us denote the subgraph lIn (p) by V~. A vertex p is absolute for the polarity lIn if p 
is incident with V~. Clearly, for any vertex p of r, there is a unique value of n such that 
p is abolute for lIn. The polarity lIs (resp. IIIO, n2) induces immediately a polarity in 
the geometry T4 (resp. Ts and T6 , T7 and Ts). An absolute point of a geometry 7; (i = 4, 
5, 6, 7 or 8) is an element of type 0 corresponding to an absolute vertex. 
PROPOSITION 9. The polarity lIs (resp. IIIO, II12, II3o ) has 0 (resp. 12, 18,27) absolute 
vertices in r. Moreover, the 12 absolute vertices of IIIO constitute 2 orbits of Ca(II), namely 
an orbit 0 3 of length 3 and an orbit 0 9 of length 9, such that the 190 orbits 0 3 obtained 
from the 190 involutions II are the 190 lines of the geometry T3• 
PROOF. 1. Let p be a vertex of r, II-IGpfI = G( V~) for n = 5, 10, 12,30. Obviously, 
p E V~ iff IGp II II-IGpfIl = IGp II G( Vfo) I = 60/ n. The subgroup Gp II G( Vfo), is easily 
determined. Indeed, every Vfo is a P-graph of r. Since every P-graph contains at least 
one vertex of r; and since Gp is transitive on r;, it suffices to consider the 10 P-graphs 
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Ph P2, ••• , P IO incident with a given vertex q of r; and to examine the intersections 
Gp Il G(PJ, i = 1, 2, ... , 10. It turns out that Gp Il G( Vfo) :;: 1:2, 1:5 or Sym(3) according 
as p E V~o, Vf2 or Vfo. 
2. Since IGp Il II-IGp1II,f:. 12, there is no vertex p E V~, and so II5 has no absolute vertex. 
3. Let t be the number of absolute vertices of IIIO' We know that p E Vfo iff Gp Il 
II-IGp1I = S3:;: Sym(3). Moreover, conjugation by II interchanges Gp and II-IGp1I, and 
so stabilizes their intersection II-I S3II = S3' In order to find t, we need some information 
about the subgroups isomorphic to Sym(3) in G. G contains 570 subgroups isomorphic 
to Sym(3). Indeed, any subgroup S:;: Sym(3) acting on the 20 points of the conic C must 
necessarily stabilize a pair {a, b} of points of C, and this pair is associated with the unique 
involution II of PGL(2, 19) fixing a and b. The subgroup CG(II):;: D I8 is the stabilizer 
G{a.b} of this pair. Therefore S c G{a,b}' Since D I8 contains 3 subgroups Sym(3), G contains 
190· 3 = 570 subgroups Sym(3). 
On the other hand, every subgroup S:;: Sym(3) is contained in a unique subgroup Gp• 
Indeed, if S c Gp. since S contains an element of order 3 fixing p and 2 vertices of r; 
and an element of order 2 fixing p and no vertex of r;, p is the only vertex fixed by S. 
Since the number of subgroups S which are contained in at least one group Gp is equal 
to 57.10 = 570 (i.e. the total number of subgroups S), every subgroup S is contained in 
some subgroup Gpo 
Clearly, there is a bijection between the absolute vertices of IIIO and the subgroups 
S:;: Sym(3) of G, such that II-I SII = S, and so t is equal to the number of subgroups S 
normalized by II. 
Let us count in two ways the number s of ordered pairs consisting of a subgroup 
S:;: Sym(3) of G and an involution i of PGL(2, 19)\G with i-lSi = S : s is equal to the 
product of the number of subgroups S by the number x of involutions i normalizing a 
given subgroup S, and is also equal to the product of the number of involutions i by the 
number t of subgroups S normalized by a given involution i, and so 570· x = 190.t. It 
remains to determine x. Since S stabilizes a pair {a, b} of points of C, an involution i 
normalizing S must also stabilize {a, b}. Moreover, the conjugation by i acts on the 3 
involutions Sh S2, S3 of S and fixes necessarily one of these. There are 4 involutions 
satisfying these hypotheses, namely io fixing a and b (CG(io) ~ S), il (resp. i2, i3) fixing 
by conjugation the involution SI (resp. S2, S3) of S. It is easy to show that io, i h i2 and i3 
normalize S, and so x = 4. We conclude that t = 12. Since CG(II) = D:;: D 18, we know, 
by Table 2, that the 12 absolute vertices of IIIO constitute two orbits of CG(II), one of 
length 3 and one of length 9. Note that if p belongs to the orbit 0 3 of length 3, 
(CG(II))p == Sym(3) must fix the 3 vertices of 0 3, and so 0 3 is, by definition, a line of T3. 
4. We know that p E Vf2 if Gp Il II-IGp1I:;: 1:5, Since any subgroup 1:5 of G is contained 
in exactly two subgroups Gp and Gp ' in A~l), the number of absolute vertices of II12 is 
equal to twice the number of subgroups isomorphic to 1..5 and normalized by II. The same 
arguments as before give 18 absolute vertices for " 12. 
5. Since for any vertex p of r, there is a unique value of n E {5, 10, 12, 30} such that 
p is absolute for II", r contains 57 -12 -18 = 27 absolute vertices for " 30• 
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